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:H VKRZ KRZ D QHZ XQVXSHUYLVHG DSSURDFK WR OHDUQLQJ
PXVLFDO UHODWLRQVKLSV FDQ H[SORLW %D\HVLDQ 0$3 LQGXFWLRQ
RI VWRFKDVWLF WUDQVGXFWLRQ JUDPPDUV WR RYHUFRPH WKH FKDO�
OHQJHV RI OHDUQLQJ FRPSOH[ UHODWLRQVKLSV EHWZHHQ PXOWLSOH
UK\WKPLF SDUWV WKDW SUHYLRXVO\ OD\ RXWVLGH WKH VFRSH RI JHQ�
HUDO FRPSXWDWLRQDO DSSURDFKHV WR PXVLF VWUXFWXUH OHDUQLQJ�
$ JRRG LOOXVWUDWLYH JHQUH LV IODPHQFR� ZKLFK HPSOR\V QRW
RQO\ UHJXODU EXW DOVR LUUHJXODU K\SHUPHWULFDO VWUXFWXUHV WKDW
UDSLGO\ VZLWFK EHWZHHQ ��� DQG ��� PHGLRFRPSDV EORFNV�
0RUHRYHU� W\SLFDO IODPHQFR LGLRPV HPSOR\ KHDY\ V\QFR�
SDWLRQ DQG VXGGHQ� PLVOHDGLQJ RII�EHDW DFFHQWV DQG SDW�
WHUQV� ZKLOH RIWHQ HOOLGLQJ WKH GRZQEHDW DFFHQWV WKDW KX�
PDQV DV ZHOO DV H[LVWLQJ PHWHU�ILQGLQJ DOJRULWKPV UHO\ RQ�
WKXV FUHDWLQJ D KLJK GHJUHH RI OLVWHQHU ³VXUSULVH´ WKDW PDNHV
QRW RQO\ WKH VWUXFWXUDO UHODWLRQV� EXW HYHQ WKHPHWULFDO VWUXF�
WXUH LWVHOI� HOOXVLYH WR OHDUQ� )ODPHQFR PXVLFLDQV UHO\ RQ
ERWK FRPSOH[ UHJXODU K\SHUPHWULFDO NQRZOHGJH DV ZHOO DV
LUUHJXODU UHDO�WLPH FOXHV WR UHFRJQL]HZKHQ WR VZLWFKPHWHUV
DQG SDWWHUQV� 2XU QHZ DSSURDFK HQYLVLRQV WKLV DV DQ LQWH�
JUDWHG SUREOHP RI OHDUQLQJ D ELOLQJXDO WUDQVGXFWLRQ� L�H�� D
VWUXFWXUDO UHODWLRQ EHWZHHQ WZR ODQJXDJHV²ZKHUH WKHUH DUH
GLIIHUHQW PXVLFDO ODQJXDJHV RI� VD\� IODPHQFR SHUFXVVLRQ
YHUVXV ]DSDWHDGR IRRWZRUN RU SDOPDV KDQG FODSSLQJ� :H
DSSO\ PLQLPXP GHVFULSWLRQ OHQJWK FULWHULD WR LQGXFH WUDQV�
GXFWLRQ JUDPPDUV WKDW VLPXOWDQHRXVO\ OHDUQ ��� WKH PXOWL�
SOH PHWULFDO VWUXFWXUHV� ��� WKH K\SHUPHWULFDO VWUXFWXUH WKDW
VWRFKDVWLFDOO\ JRYHUQV PHWHU VZLWFKLQJ� DQG ��� WKH SURE�
DELOLVWLF WUDQVGXFWLRQ UHODWLRQVKLS EHWZHHQ SDWWHUQV RI GLI�
IHUHQW UK\WKPLF ODQJXDJHV WKDW HQDEOHV PXVLFLDQV WR SUHGLFW
ZKHQ WR VZLWFK PHWHUV DQG KRZ WR VHOHFW SDWWHUQV GHSHQG�
LQJ RQ ZKDW IHOORZ PXVLFLDQV DUH JHQHUDWLQJ�

�� ,1752'8&7,21

/LWWOH ZRUN KDV EHHQ GRQH RQ DXWRPDWLF DOJRULWKPV IRU
OHDUQLQJ DFURVV PXOWLSOH SDUWV LQ UK\WKPLFDOO\ FRPSOH[ PX�
VLF JHQUHV VXFK DV IODPHQFR� GHVSLWH D UHVSHFWDEOH KLVWRU\ RI
ZRUN RQ DXWRPDWLF PHWHU ILQGLQJ XWLOL]LQJ D ZLGH UDQJH RI

3HUPLVVLRQ WR PDNH GLJLWDO RU KDUG FRSLHV RI DOO RU SDUW RI WKLV ZRUN IRU
SHUVRQDO RU FODVVURRP XVH LV JUDQWHG ZLWKRXW IHH SURYLGHG WKDW FRSLHV DUH
QRW PDGH RU GLVWULEXWHG IRU SURILW RU FRPPHUFLDO DGYDQWDJH DQG WKDW FRSLHV
EHDU WKLV QRWLFH DQG WKH IXOO FLWDWLRQ RQ WKH ILUVW SDJH�
� ���� ,QWHUQDWLRQDO 6RFLHW\ IRU 0XVLF ,QIRUPDWLRQ 5HWULHYDO�

XQGHUO\LQJ PRGHOLQJ SDUDGLJPV� 5HSHWLWLRQ RI SDWWHUQV LV D
FHQWUDO IHDWXUH LQ PDQ\ DXWRPDWLF PHWHU ILQGLQJ DOJRULWKPV
VXFK DV WKDW RI 6WHHGPDQ >��@� (DUO\ DSSURDFKHV ZHUH UXOH�
EDVHG �H�J�� /RQJXHW�+LJJLQV DQG 6WHHGPDQ >��@�� ZKLOH
RWKHUV HPSOR\HG QHXUDO QHWV �H�J�� 'HVDLQ DQG +RQLQJ >�@�
RU SUHIHUHQFH UXOHV �H�J�� 3RYHO DQG (VVHQV >��@� 7HPSHU�
OH\ DQG 6OHDWRU >��@�� 0RUH UHFHQW DSSURDFKHV DUH EDVHG
RQ SUREDELOLVWLF PRGHOLQJ� VXFK DV WKH JHQHUDWLYH PRGHOV
RI &HPJLO HW DO� >�@�� 5DSKDHO >��@� DQG 7HPSHUOH\ >��@�

*HQHUDOO\� KRZHYHU� WKHVH DSSURDFKHV DUH EDVHG RQ UHOD�
WLYHO\ VLPSOLVWLF DVVXPSWLRQV DERXW VWUDLJKWIRUZDUG GXSOH�
WULSOH� RU ��� PHWHUV DFFRPSDQLHG E\ WKH UHJXODU RFFXUUHQFH
RI VWURQJ DFFHQWV RQ RU QHDU WKH GRZQEHDW� 7KHVH DVVXPS�
WLRQV DUH ZLGHO\ XQGHUVWRRG WR DSSO\ SULPDULO\ WR :HVWHUQ
PXVLF FRQYHQWLRQV UDWKHU WKDQ ZRUOGZLGHPXVLF JHQUHV WKDW
FDQ EH UK\WKPLFDOO\ PXFK PRUH FRPSOH[� )ODPHQFR FRQ�
YHQWLRQV� IRU H[DPSOH� RIWHQ GHI\ IRU H[DPSOH ZKDW /HU�
GDKO DQG -DFNHQGRII >��@ WHUPHG WKH ³6WURQJ %HDW (DUO\´
UXOH²RPLWWLQJ WKH GRZQEHDW DFFHQW LV D W\SLFDO LGLRP� DQG
LQ IDFW WKH VWURQJ EHDW LV RIWHQ XQGHUVWRRG LQ IODPHQFR WR EH
ODWH� 0RUHRYHU� IODPHQFR UK\WKPV HPSOR\ FRQWLQXDO PHWHU
VZLWFKLQJ LQ ERWK UHJXODU DQG LUUHJXODU ZD\V� ZLWK D FRP�
SOH[ K\SHUPHWULFDO ODQJXDJH JRYHUQLQJ WKH VZLWFKLQJ� DQG
PDNH IUHTXHQW XVH RI SRO\UK\WKP LQ DGGLWLRQ�

(YHQ OHVV ZRUN KDV EHHQ GRQH WR GDWH RQ FRPSXWDWLRQDO
DSSURDFKHV WR DQDO\VLV RI IODPHQFR� 0RGHOV VXFK DV WKRVH
RI 'LD]�%DQH] HW DO� >�@� *RPH] DQG %RQDGD >��@� *XDV�
WDYLQR HW DO� >��@� 0RUD HW DO� >��@� RU 7KXO DQG 7RXVVDLQW
>��@ UHSUHVHQW YDULRXV LQWULJXLQJ DWWDFNV RQ VSHFLILF DVSHFWV
RI IODPHQFR� EXW GR QRW DWWHPSW WR DFWXDOO\ LQGXFH WKH PX�
VLFDO VWUXFWXUHV�

7R DWWDFN PRUH FRPSOH[ UK\WKPLF IRUPV VXFK DV WKHVH�
ZH SURSRVH DQ DSSURDFK EDVHG RQ XQVXSHUYLVHG LQGXFWLRQ
RI VWRFKDVWLF WUDQVGXFWLRQ JUDPPDUV� 2Q RQH KDQG� WKLV IRO�
ORZV WKH JHQHUDWLYH PRGHOLQJ SDUDGLJP RI *770 >��@ DQG
6WHHGPDQ >��@ RU >��@ LQ ZKLFK YDULRXV DVSHFWV RI PXVLF
FDQ HDFK EH PRGHOHG DV ODQJXDJHV WKDW FDQ EH JHQHUDWHG
E\ IRUPDO JUDPPDUV� 2Q WKH RWKHU KDQG� WR IDFLOLWDWH DXWR�
PDWLF OHDUQLQJ DQG VFDOLQJ XS RI WKH PRGHOV� ZH IRUPXODWH
WKH WDVN LQ WHUPV RI VWRFKDVWLF JUDPPDUV WKDW GHVFULEH SURE�
DELOLVWLF PRGHOV RI PXVLFDO VWUXFWXUH�

7KH PDMRULW\ RI SUHYLRXV ZRUN RQ VWRFKDVWLF JUDPPDW�
LFDO PRGHOV IRU PXVLF HPSOR\V IODW 0DUNRY PRGHOV DQG�RU
KLGGHQ 0DUNRY PRGHOV �+00V�� )RU H[DPSOH� ERWK WKH
&RQWLQXDWRU PRGHO RI 3DFKHW >��@ DQG WKH )DFWRU 2UDFOH
PRGHOV RI $VVD\DJ HW DO� >�@ XVH 0DUNRY PRGHOV WR OHDUQ
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PXVLF LPSURYLVDWLRQ FRQYHQWLRQV�DQ DSSURDFK IXUWKHU H[�
SORUHG E\ )UDQoRLV HW DO� >�@ DQG >�@� $ JUDPPDU LQGXFWLRQ
DSSURDFK IRU OHDUQLQJ MD]] JUDPPDUV XQGHU 0DUNRYLDQ DV�
VXPSWLRQV LV SURSRVHG E\ *LOOLFN HW DO� >��@� 5HODWLYHO\
OLWWOH KDV EHHQ GRQH RQ PXVLFDO VWUXFWXUH PRGHOLQJ XVLQJ
VWRFKDVWLF FRQWH[W�IUHH JUDPPDUV >��@� 5HODWHG ZRUN RQ
XQVXSHUYLVHG OHDUQLQJ RI &&0V �D YDULDQW RI 6&)*V� IRU
PXVLFDO JUDPPDUV LQFOXGHV WKDW RI 6ZDQVRQ HW DO� >��@� RU
WKH 'DWD 2ULHQWHG 3DUVLQJ DSSURDFK RI %RG >�@�

6WRFKDVWLF JUDPPDUV DUH H[FHOOHQW IRU GHVFULELQJ LQGL�
YLGXDO DVSHFWV RI PXVLF� 0XFK RI PXVLF� KRZHYHU� LV DERXW
WKH ORRVHO\ FRXSOHG UHODWLRQVKLSV EHWZHHQ PXOWLSOH VWUDQGV
RI GLIIHUHQW NLQGV RI VHTXHQFHV WDNLQJ SODFH LQ SDUDOOHO�

2XU QHZ DSSURDFK GLIIHUV IURP SUHYLRXV VWRFKDVWLF JUDP�
PDWLFDO PRGHOV RI PXVLF LQ WKDW ZH ��� VKLIW WR ELOLQJXDO
VWRFKDVWLF WUDQVGXFWLRQ JUDPPDUV LQVWHDG RI FRQYHQWLRQDO
PRQROLQJXDO VWRFKDVWLF JUDPPDUV� DOORZLQJ XV WR PRGHO
OHDUQLQJ VWUXFWXUDO UHODWLRQV EHWZHHQ GLIIHUHQW PXVLFDO ODQ�
JXDJHV RI VHSDUDWH SHUFXVVLYH IODPHQFR SDUWV� DQG ��� DS�
SO\ D QHZ JUDPPDU LQGXFWLRQ VWUDWHJ\ WKDW VHDUFKHV IRU WKH
%D\HVLDQ0$3 �PD[LPXP D SRVWHULRUL� PRGHO HQFRPSDVV�
LQJ PHWULFDO UHODWLRQV� K\SHUPHWULFDO UHODWLRQV� DQG SURED�
ELOLVWLF WUDQVGXFWLRQ UHODWLRQV LQ D VLQJOH LQWHJUDWHG SURFHVV�

�� 672&+$67,& 75$16'8&7,21 *5$00$56

,Q FODVVLF IRUPDO ODQJXDJH WKHRU\� D WUDQVGXFWLRQ LV D
UHODWLRQ EHWZHHQ WZR ODQJXDJHV� ZKLFK LV H[DFWO\ ZKDW ZH
ZLVK WR LQGXFH� $ WUDQVGXFWLRQ JUDPPDU RU WUDQVODWLRQ
JUDPPDU �7*� LV D ELOLQJXDO JUDPPDU RI WUDQVGXFWLRQV�
DQG GHVFULEHV VWUXFWXUHG UHODWLRQV EHWZHHQ WZR ODQJXDJHV
>�@� >��@� �$Q HTXLYDOHQW WHUP ³V\QFKURQRXV JUDPPDU´ XVHG
RQO\ LQ FRPSXWDWLRQDO OLQJXLVWLFV LV QRW DV ORQJ HVWDEOLVKHG
RU ZLGHO\ XQGHUVWRRG WKURXJKRXW FRPSXWHU VFLHQFH��

7KXV VWRFKDVWLF WUDQVGXFWLRQ JUDPPDUV DUH SUREDELOLV�
WLF ELOLQJXDO JUDPPDUV RI WUDQVGXFWLRQV� DQG GHVFULEH VWUXF�
WXUHG UHODWLRQV EHWZHHQ WZR ODQJXDJHV SUREDELOLVWLFDOO\²
ZKLFK PHDQV WKDW VWRFKDVWLF 7*V GR QRW VXIIHU IURP WKH
RYHUO\ ULJLG FRQVWUDLQWV RI QRQ�VWRFKDVWLF WUDQVGXFWLRQPRG�
HOV� DQG FDQ EH DXWRPDWLFDOO\ OHDUQHG >��@� ,Q D VWRFKDV�
WLF WUDQVGXFWLRQ JUDPPDU� D SUREDELOLW\ GLVWULEXWLRQ LV LP�
SRVHG RYHU WKH VSDFH RI SRVVLEOH GHULYDWLRQV� 7KLV LV W\S�
LFDOO\ GRQH E\ DVVRFLDWLQJ D FRQGLWLRQDO SUREDELOLW\ ZLWK
HDFK UXOH� UHSUHVHQWLQJ WKH SUREDELOLW\ WKDW DQ\ QRQWHUPLQDO
V\PERO PDWFKLQJ WKH OHIW�KDQG�VLGH RI WKH UXOH JHQHUDWHV
FKLOGUHQ PDWFKLQJ WKH ULJKW�KDQG�VLGH RI WKH UXOH� 7HFK�
QLTXHV KDYH EHHQ GHYHORSHG IRU QXPHURXV WDVNV XWLOL]LQJ
VWRFKDVWLF WUDQVGXFWLRQ JUDPPDUV LQFOXGLQJ DOLJQLQJ ELOLQ�
JXDO FRUSRUD� XQVXSHUYLVHG VHJPHQWDWLRQ DQG DQQRWDWLRQ RI
ELOLQJXDO FRUSRUD� DXWRPDWLF LQGXFWLRQ RI ELOLQJXDO FRUUH�
VSRQGHQFHV� JUDPPDU LQGXFWLRQ IRU VWRFKDVWLF 7*V� DQG VR
RQ >��@�

,Q WKLV SDSHU ZH ZLOO PDNH XVH RI VWRFKDVWLFPRQRWRQLF
WUDQVGXFWLRQ JUDPPDUV� ZKLFK LQ WHUPV RI JHQHUDWLYH FD�
SDFLW\ VLW LQ WKH KLHUDUFK\ RI WUDQVGXFWLRQ JUDPPDUV EH�
WZHHQ VWRFKDVWLF ILQLWH�VWDWH WUDQVGXFHUV DQG OLQHDU LQYHU�
VLRQ WUDQVGXFWLRQ JUDPPDUV� DV GHWDLOHG LQ >��@�

$ PRQRWRQLF WUDQVGXFWLRQ JUDPPDU RU 07* �HTXLYD�
OHQW WR WKH ³VLPSOH V\QWD[�GLUHFWHG WUDQVGXFWLRQ JUDPPDU´

RU ³VLPSOH 6'7*´ RI $KR DQG 8OOPDQ� LQ QRUPDO IRUP LV
D WXSOH hN, ⌃, �, S, Ri ZKHUH N LV D ILQLWH QRQHPSW\ VHW
RI QRQWHUPLQDO V\PEROV� ⌃ LV D ILQLWH QRQHPSW\ VHW RI LQSXW
ODQJXJH V\PEROV� � LV D ILQLWH QRQHPSW\ VHW RI RXWSXW ODQ�
JXDJH V\PEROV� S 2 N LV WKH GHVLJQDWHG VWDUW V\PERO� DQG
R LV D ILQLWH QRQHPSW\ VHW RI V\QWD[�GLUHFWHG WUDQVGXFWLRQ
UXOHV RQ WKH IRUPV�

S ! A, A ! �, A ! e/f

ZKHUH A 2 N � � 2 NNN⇤� DQG e DQG f DUH WHUPLQDO
V\PEROV UHSUHVHQWLQJ PXVLFDO HYHQW VHJPHQWV DV IROORZV�

6WULQJV LQ ERWK WKH ODQJXDJHV UHSUHVHQW VHTXHQFHV RI V\P�
EROLF PXVLFDO HYHQW WRNHQV� $ ³VHQWHQFH´ LV D IXOO PXVLFDO
SDVVDJH IRU D VLQJOH LQVWUXPHQWDO SDUW� ZKHUHDV D ³ELVHQ�
WHQFH´ LV D PDWFKHGPXVLFDO SDVVDJH ZLWK ERWK LQVWUXPHQWDO
SDUWV� )RU FRQYHQLHQFH RI PXVLFDO LQWHUSUHWDWLRQ� LQVWHDG RI
ZULWLQJ PXVLFDO VHTXHQFHV XVLQJ OLQJXLVWLF VWULQJ QRWDWLRQ�
ZH VKDOO XVH FRQYHQWLRQDO PXVLF VWDII QRWDWLRQ IRU PXVLFDO
HYHQW VHJPHQWV e DQG f � DV LQ )LJXUH �� -XVW DV ZH FRQVLGHU
WKH PRQROLQJXDO WHUPLQDO V\PEROV e DQG f WR UHSUHVHQW PX�
VLFDO HYHQW VHJPHQWV� ZH FRQVLGHU WKH ELOLQJXDO e/f QRWD�
WLRQ WR GHQRWH D ELWHUPLQDO V\PERO UHSUHVHQWLQJ D SDUDO�
OHO SDLU RI PXVLFDO HYHQW VHJPHQWV IURP GLIIHUHQW PXVLFDO
LQVWUXPHQWV� 7HFKQLFDOO\� e/f 2 (⌃⇤

⇥ �⇤) � (✏/✏)� LQ
ZKLFK ZH H[FOXGH WKH GHJHQHUDWH FDVH RI SDLULQJ D ]HUR�
OHQJWK HPSW\ VHJPHQW ✏ ZLWK DQRWKHU ]HUR�OHQJWK HPSW\
VWULQJ ✏ WR DYRLG XQQHFHVVDU\ FRPSOLFDWLRQV DULVLQJ IURP
LQILQLWH UHFXUVLRQ�

�� 75$16'8&7,21 *5$00$5 ,1'8&7,21

,Q WKLV VHFWLRQ ZH GHVFULEH RXU QHZ PRGHO IRU XQVXSHU�
YLVHG LQGXFWLRQ RI VWRFKDVWLF WUDQVGXFWLRQ JUDPPDUV� )RU
FRQFUHWH H[DPSOHV RI WKH DEVWUDFW PRGHO� VHH 6HFWLRQ ��

0LQLPL]LQJ GHVFULSWLRQ OHQJWK :H EHJLQ ZLWK WKH RYHU�
DOO %D\HVLDQ PRGHO ZKRVH SRVWHULRU ZH ZLVK WR PD[LPL]H�
:H VHHN WKH PD[LPXP D SRVWHULRUL �0$3� PRGHO JLYHQ WKH
GDWD� WKDW LV� ZH DWWHPSW WR RSWLPL]H WKH SRVWHULRU SUREDELO�
LW\ IROORZLQJ %D\HV¶ UXOH

P (� | D) =
P (�) P (D | �)

P (D)

ZKHUH � LV WKH PRGHO DQG D LV WKH WUDLQLQJ GDWD� 7KH SULRU
SUREDELOLW\ RI WKH GDWD LV FRQVWDQW GXULQJ VHDUFK� ZKLFK JLYHV
XV WKH IROORZLQJ VHDUFK SUREOHP�

DUJPD[
�

P (�) P (D | �)

,Q RXU FDVH� WKH SUREDELOLW\ RI WKH GDWD JLYHQ WKH PRGHO
FDQ EH GHWHUPLQHG WKURXJK SDUVLQJ VLQFH LW LV D JUDPPDU�
7KH SULRU RI WKH PRGHO LV� KRZHYHU� VRPHZKDW PRUH FRP�
SOLFDWHG EHFDXVH LW PXVW LQFRUSRUDWH WKH HIIHFW RI ERWK WKH
VWUXFWXUH DQG WKH SDUDPHWHUV RI WKH PRGHO�

P (�) = P (�G) P (�S | �G)P (✓
�

| �S , �G)

�G LV D JOREDO SULRU RYHU SRVVLEOH PRGHO IRUPDOLVPV�
ZKLFK ZH VHW WR EH WKH VSDFH RI SRVVLEOH PRQRWRQLF WUDQV�
GXFWLRQ JUDPPDUV� P (�S | �G) LV D SULRU RQ WKH PRGHO
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VWUXFWXUH JLYHQ WKH PRGHO IRUPDOLVP� DQG P (✓
�

| �S , �G)
LV D SULRU RYHU WKH PRGHO SDUDPHWHUV JLYHQ WKH IRUPDOLVP
DQG WKH VWUXFWXUH� :H DSSUR[LPDWH WKH SULRU RYHU WKH PRGHO
VWUXFWXUH XVLQJ WKH GHVFULSWLRQ OHQJWK RI WKH PRGHO�

�ORJ
2

(P (�S | �G)) / '/ (�S)

7KH GHVFULSWLRQ OHQJWK RI DPRGHO LV FDOFXODWHG E\ VXPPLQJ
WKH OHQJWK RI DOO WKH UXOHV� ZKHUH HDFK XQLTXH �PRQROLQ�
JXDO� WHUPLQDO VHJPHQW LV HIILFLHQWO\ JLYHQ D XQLTXH +XII�
PDQ HQFRGLQJ� 7KLV DYRLGV UHGXQGDQW GRXEOH�FRXQWLQJ RI
WHUPLQDO VHJPHQWV WKDW DSSHDU LQ PRUH WKDQ RQH UXOH� 7KH
OHQJWK RI D V\PERO LV SURSRUWLRQDO WR �ORJ

2

�

1

M

�

ZKHUH
M = 2 + N + ⌃ + � LV WKH WRWDO QXPEHU RI V\PEROV
�N LV WKH QXPEHU RI QRQWHUPLQDOV� ⌃ LV WKH VL]H RI WKH L

0

YRFDEXODU\ DQG � LV WKH VL]H RI WKH L
1

YRFDEXODU\�� 7KXV�
IRU H[DPSOH� UHGXFLQJ WKH QXPEHU RI GLVWLQFW QRQWHUPLQDOV
LQ D JUDPPDU UHGXFHV LWV GHVFULSWLRQ OHQJWK�

:H VHW WKH SULRU RYHU WKH PRGHO SDUDPHWHUV WR EH D XQL�
IRUP 'LULFKOHW GLVWULEXWLRQ RYHU ULJKW�KDQG VLGHV JLYHQ OHIW�
KDQG VLGHV�

P (�� | �S , �G) =

N�1�

i=0

1

B(↵0, ↵1, ..., ↵R
n

i

�1)

R
n

i

�1�

j=0

�

n
i

� (j)

ZKHUH N LV WKH QXPEHU RI QRQWHUPLQDOV� Rn
i

LV WKH VHW RI
UXOHV ZKHUH ni LV WKH OHIW�KDQG VLGH� DQG ✓n

i

�

LV D IXQFWLRQ
WKDW JLYHV WKH UXOH SUREDELOLWLHV IRU UXOH ZKHUH WKH OHIW�KDQG
VLGH LV ni� )OHVKLQJ RXW WKH VHDUFK SUREOHP� ZH KDYH�

DUJPD[
�

G

,�
S

,�
�

P (�G) P (�S | �G)P (�� | �S , �G)P (D | �G, �S , ��)

5HFDOO WKDW DUH UHVWULFWLQJ �G WR PRQRWRQLF WUDQVGXFWLRQ
JUDPPDUV� :H IXUWKHU GLYLGH WKH VHDUFK LQWR WZR SKDVHV�
D WRS�GRZQ UXOH VHJPHQWDWLRQ SKDVH� ZKLFK IRFXVHV RQ WKH
VWUXFWXUDO LQGXFWLRQ WR RSWLPL]H P (�S | �G) DQG P (D |

�G, �S , ✓
�

)� DQG D SDUDPHWHU WXQLQJ SKDVH� ZKLFK IRFXVHV
RQ P (✓

�

| �S , �G) DQG P (D | �G, �S , ✓
�

)�

,QLWLDOL]LQJPRGHO VWUXFWXUH7KH LQGXFWLRQ SURFHGXUH VWDUWV
ZLWK D WUDQVGXFWLRQ JUDPPDU WKDW PHPRUL]HV WKH WUDLQLQJ
GDWD DV ZHOO DV SRVVLEOH� DQG JHQHUDOL]HV IURP WKHUH� 7KH
WUDQVGXFWLRQ JUDPPDU WKDW EHVW ILWV WKH WUDLQLQJ GDWD LV WKH
RQH ZKHUH WKH VWDUW V\PERO UHZULWHV WR WKH IXOO VHQWHQFH
SDLUV WKDW LW KDV WR JHQHUDWH� ,W LV DOVR SRVVLEOH WR DGG DQ\
QXPEHU RI QRQWHUPLQDO V\PEROV LQ WKH OD\HU EHWZHHQ WKH
VWDUW V\PERO DQG WKH ELVHQWHQFHV ZLWKRXW DOWHULQJ WKH SURE�
DELOLW\ RI WKH WUDLQLQJ GDWD� :H WDNH LQLWLDO DGYDQWDJH RI WKLV
E\ DOORZLQJ IRU RQH LQWHUPHGLDWH V\PERO VR WKDW WKH VWDUW
V\PERO FRQIRUPV WR WKH QRUPDO IRUP DQG DOZD\V UHZULWHV
WR SUHFLVHO\ RQH QRQWHUPLQDO V\PERO�

2XU LQLWLDO PRGHO WKXV FRQVLVWV RI WKH UXOH S ! A SOXV
QXPHURXV UXOHV RI WKH IRUP A ! e

0..T /f
0..V ZKHUH S LV

WKH VWDUW V\PERO�A LV WKH QRQWHUPLQDO� T LV WKH OHQJWK RI WKH
RXWSXW VHQWHQFH� DQG V LV WKH OHQJWK RI WKH LQSXW VHQWHQFH�

*HQHUDOL]LQJ PRGHO VWUXFWXUH ,Q RUGHU WR JHQHUDOL]H WKH
LQLWLDO PRQRWRQLF WUDQVGXFWLRQ JUDPPDUZH QHHG WR LGHQWLI\

SDUWV RI WKH H[LVWLQJ ELWHUPLQDOV WKDW FRXOG EH YDOLGO\ XVHG
LQ LVRODWLRQ� DQG DOORZ WKHP WR FRPELQH ZLWK RWKHU VHJ�
PHQWV� 7KLV LV WKH YHU\ IHDWXUH WKDW DOORZV D ILQLWH WUDQVGXF�
WLRQ JUDPPDU WR JHQHUDWH DQ LQILQLWH VHW RI VHQWHQFH SDLUV�
ZKHQ ZH GR WKLV� ZH PRYH VRPH RI WKH SUREDELOLW\ PDVV
ZKLFKZDV FRQFHQWUDWHG LQ WKH WUDLQLQJ GDWD RXW WR RWKHU GDWD
WKDW DUH VWLOO XQVHHQ²L�H� ZH JHQHUDOL]H IURP WKH WUDLQLQJ
GDWD� 7KH JHQHUDO VWUDWHJ\ LV WR SURSRVH D QXPEHU RI VHWV RI
ELWHUPLQDO UXOHV DQG D SODFH WR VHJPHQW WKHP� HVWLPDWH WKH
SRVWHULRU JLYHQ WKH VHWV DQG FRPPLW WR WKH EHVW VHW� 7KDW
LV� ZH GR D JUHHG\ VHDUFK RYHU WKH SRZHU VHW RI SRVVLEOH
VHJPHQWDWLRQV RI WKH UXOH VHW� 7KLV LQWUDFWDEOH SUREOHP FDQ
EH UHDVRQDEO\ HIILFLHQWO\ DSSUR[LPDWHG�

7KH NH\ FRPSRQHQW LQ WKH DSSURDFK LV WKH DELOLW\ WR HYDO�
XDWH WKH FKDQJH LQ D SRVWHULRUL SUREDELOLW\ LI D VSHFLILF VHJ�
PHQWDWLRQ ZDV PDGH LQ WKH JUDPPDU� 7KLV FDQ WKHQ EH
H[WHQGHG WR D VHW RI VHJPHQWDWLRQV� ZKLFK RQO\ OHDYHV WKH
SUREOHP RI JHQHUDWLQJ VXLWDEOH VHWV RI VHJPHQWDWLRQV� $Q\
VHJPHQW WKDW FDQ EH UHXVHG PD[LPL]HV WKH PRGHO SULRU� 7KH
PRUH UXOHVZH FDQ ILQGZLWK VKDUHG ELDIIL[HV� WKHPRUH OLNHO\
ZH DUH WR ILQG D JRRG VHW RI VHJPHQWDWLRQV�

2XU DOJRULWKP WDNHV DGYDQWDJH RI WKH DERYH REVHUYDWLRQ
E\ IRFXVLQJ RQ ERWK WKH PRQROLQJXDO DQG ELOLQJXDO DIIL[HV
�L�H�� SUHIL[HV RU VXIIL[HV� IRXQG LQ WKH WUDLQLQJ GDWD� (DFK
DIIL[ RU ELDIIL[ GHILQHV D VHW RI OH[LFDO UXOHV SDLUHG XS ZLWK
D SRVVLEOH VHJPHQWDWLRQ� :H HYDOXDWH WKH �EL�DIIL[HV E\ HV�
WLPDWLQJ WKH FKDQJH LQ SRVWHULRU SUREDELOLW\ DVVRFLDWHG ZLWK
FRPPLWWLQJ WR DOO WKH VHJPHQWDWLRQV GHILQHG E\ D �EL�DIIL[�
7KLV DOORZV XV WR ILQG WKH EHVW VHW RI VHJPHQWDWLRQV� DQG
FRPPLW WR DV PDQ\ RI WKHP DV SRVVLEOH� 0RUHRYHU� DV ZH
JHQHUDWH QHZ QRQWHUPLQDO FDWHJRULHV GXULQJ WKLV SURFHVV�
ZH DOVR XVH DIIL[HV DQG ELDIIL[HV WR VXJJHVW SRVVLEOH PHUJHV
RI WKH QRQWHUPLQDO FDWHJRULHV� 7KLV PLQLPL]HV WKH SDUVLQJ
HIIRUWV� ZKLFK DUH PRUH H[SHQVLYH� $ SULRULW\ TXHXH EDVHG
DJHQGD NHHSV WUDFN RI SRVVLEOH FDQGLGDWHV IRU UXOH VHJPHQ�
WDWLRQ DQG QRQWHUPLQDO FDWHJRU\ DFWLRQV� DQG DOZD\V JUHHG�
LO\ FRPPLWV DW HDFK VWHS WR WKH DFWLRQ WKDW EHVW LPSURYHV
RYHUDOO SRVWHULRU SUREDELOLW\�
*  WKH WUDQVGXFWLRQ JUDPPDU
ELDIIL[HVBWRBUXOHV  LQGH[ RI *
V WUDQVGXFWLRQ UXOHV E\ WKHLU �EL�DIIL[HV
OKVBWRBUXOHV  LQGH[ RI *
V WUDQVGXFWLRQ UXOHV E\ WKHLU /+6 QRQWHUPV
DJHQGD  >@ �� 3ULRULW\ TXHXH RI DFWLRQV E\ WKHLU '/ LPSDFW RQ *
IRU HDFK DIIL[ RU ELDIIL[ [ LQ * �

GHOWD  HYDOBVHJBSRVW�[� ELDIIL[HVBWRBUXOHV>[@� *�
LI �GHOWD � ��

DJHQGD�DGG�6(*0(17� [� GHOWD�
ZKLOH DJHQGD�SRS�DFW� [� � � �

LI �DFW   6(*0(17�
UHDOBGHOWD  HYDOBVHJBSRVW�[� ELDIIL[HVBWRBUXOHV>[@� *�
LI �UHDOBGHOWD � ��
*� PRGLILHGBUXOHV  VHJPHQWBUXOHV�[� ELDIIL[HVBWRBUXOHV>[@� *�
IRU HDFK SDLU \ RI QRQWHUPV VHUYLQJ DV /+6 RI PRGLILHGBUXOHV

WKDW VKDUH D FRPPRQ �PRQROLQJXDO RU ELOLQJXDO� 5+6 �
GHOWD  HYDOBPHUJHBSRVW�[� ELDIIL[HVBWRBUXOHV>[@� *�
DJHQGD�DGG�0(5*(� \� GHOWD�

HOVH LI �DFW   0(5*(�
UHDOBGHOWD  HYDOBPHUJHBSRVW�\� OKVBWRBUXOHV>\@� *�
LI �UHDOBGHOWD � ��

*  PHUJHBQRQWHUPV�\� OKVBWRBUXOHV>\@� *�

1RWH WKDW ERWK DIIL[HV DQG ELDIIL[HV DUH KDQGOHG LQ ELDI�
IL[HVBWRBUXOHV �VLQFH DQ DIIL[ FDQ EH UHJDUGHG DV D VSH�
FLDO FDVH RI D ELDIIL[ ZKHUH RQH RI WKH WZR DIIL[HV LV WKH
HPSW\ VWULQJ ✏�� :H KDYH ZULWWHQ HYDOBVHJBSRVW DQG VHJ�
PHQWBUXOHV DV VKRUWKDQG IRU WKH DERYH�GLVFXVVHG HYDOXD�
WLRQ RI WKH LPSDFW RI D UXOH VHJPHQWDWLRQ DFWLRQ XSRQ WKH
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Palmas

Cajón

Palmas

CajónA�ĺ

A�ĺ�A A
S�ĺ�A

A�ĺ

)LJXUH �� ,QLWLDO WUDQVGXFWLRQ JUDPPDU ZLWK WZR WUDLQLQJ H[DPSOHV �VHH WH[W�� /H[LFDO WUDQVGXFWLRQ UXOHV DUH VKRZQ ZLWK
WKHLU ELWHUPLQDOV LQ FDMyQ DQG SDOPDV VWDYHV XVLQJ VWDQGDUG PXVLF QRWDWLRQ IRU VHTXHQFHV LQVWHDG RI FKDUDFWHU VWULQJV�

SRVWHULRU� 7KLV FRQVLVWV RI UHPRYLQJ WKH UXOH EHLQJ VHJ�
PHQWHG� LQVHUWLQJ WKH WKUHH QHZ UXOHV �RQH VWUXFWXUDO DQG
WZR WHUPLQDO� DORQJ ZLWK WZR QHZ QRQWHUPLQDOV� DQG XQL�
IRUPO\ GLVWULEXWLQJ WKH VHJPHQWHG UXOH¶V SUREDELOLW\ PDVV
RYHU WKH WKUHH QHZ UXOHV� H[DFW PDWKHPDWLFDO GHWDLOV DUH
LQ >��@� 6LPLODUO\� WKH VKRUWKDQG HYDOBPHUJHBSRVW DQG
PHUJHBQRQWHUPV GHQRWH FRQVROLGDWLQJ WKH SUREDELOLW\ PDVV
RI WZR QRQWHUPLQDO FDWHJRULHV�

7KH FKDQJH LQ WKH PRGHO SULRU LV HDV\ WR HVWLPDWH� DV LW
LV SURSRUWLRQDO WR WKH FKDQJH LQ JUDPPDU OHQJWK ZKHQ WKH
ROG UXOH LV UHPRYHG DQG WKH QHZ UXOHV DUH LQVHUWHG �NHHSLQJ
LQ PLQG WKDW D UXOH FDQ RQO\ EH DGGHG RQFH� VR LI LW DOUHDG\
H[LVWV LQVHUWLQJ LW ZLOO QRW FKDQJH WKH GHVFULSWLRQ OHQJWK��

7KH FKDQJH LQ WKH SUREDELOLW\ RI WKH GDWD JLYHQ WKHPRGHO
LV H[SHQVLYH WR JHW WKURXJK ELSDUVLQJ WKH GDWD� VR LQVWHDG ZH
DFFXPXODWH HQRXJK VWDWLVWLFV GXULQJ ELSDUVLQJ WR EH DEOH WR
PDNH DQ HGXFDWHG JXHVV� :H IROORZ WKH DQDORJRXV SURFH�
GXUH DIWHU PHUJLQJ WZR QRQWHUPLQDOV�

2SWLPL]LQJPRGHO SDUDPHWHUV$OWKRXJK WKH LWHUDWLYH VHJ�
PHQWDWLRQ RI WKH UXOHV UHVXOW LQ UHDVRQDEOH SDUDPHWHUV� WKHUH
LV VWLOO URRP IRU LPSURYHPHQW� ,Q WKLV SKDVH ZH FRQVLGHU
WKH PRGHO VWUXFWXUH WR EH IL[HG� DQG RSWLPL]H WKH PRGHO
SDUDPHWHUV WR JLYH WKH KLJKHVW SRVVLEOH SRVWHULRU SUREDELO�
LW\� L�H�� ZH IL[ �S �WR EH ZKDW ZH DUULYHG DW XVLQJ WKH DO�
JRULWKP GHVFULEHG LQ WKH SUHYLRXV VHFWLRQ�� DV ZHOO DV �G

�ZKLFK UHPDLQV IL[HG DV 07*V�� 7KH WZR UHPDLQLQJ IUHH
IDFWRUV LQ WKH 0$3 DUH WKXV� P (✓

�

| �S , �G) DQG P (D |

�G, �S , ✓
�

)²WKH SULRU RYHU WKH SDUDPHWHUV DQG WKH FRQGL�
WLRQDO SUREDELOLW\ RI WKH GDWD JLYHQ WKH FRPSOHWH PRGHO�

7KH SULRU LV� DV GHVFULEHG HDUOLHU� D XQLIRUP 'LULFKOHW
GLVWULEXWLRQ RYHU DOO WKH UXOHV� ZKLFK FDQ EH GHVFULEHG XVLQJ
D FRQFHQWUDWLRQ SDUDPHWHU� 7R JHW WKH FRQGLWLRQDO� ZH KDYH
WR ELSDUVH WKH WUDLQLQJ GDWD� DQG WR PD[LPL]H LW� ZH SHU�
IRUP H[SHFWDWLRQ PD[LPL]DWLRQ >�@� DV D VSHFLDO FDVH RI (0
DV VSHFLILHG IRU LQYHUVLRQ WUDQVGXFWLRQ JUDPPDUV E\ >��@�
7KLV UHTXLUHV ELSDUVLQJ� ZKLFK ZH GR ZLWK WKH FXELF WLPH
ELSDUVLQJ DOJRULWKP GHVFULEHG LQ >��@�

�� 5(68/76

)RU RXU H[SHULPHQWV ZH FKRVH WKH EXOHULiV IRUP RI IOD�
PHQFR EHFDXVH RI LWV PHWULFDO DQG K\SHUPHWULFDO FRPSOH[�
LW\� 9DULRXV SDVVDJHV IURPPXOWL�WUDFN UHFRUGLQJV ZHUH FRO�
OHFWHG� IURP ZKLFK ZHUH WDNHQ DSSUR[LPDWHO\ � PLQXWHV RI
DOLJQHG FDMyQ �ER[ GUXP� DQG SDOPDV �FODSSLQJ SHUFXVVLRQ�
WUDFNV� 6\PEROLF ³WLFN´ QRWHV ZHUH H[WUDFWHG IURP WKH FD�

MyQ DQG SDOPDV WUDFNV YLD KHXULVWLFV SULPDULO\ UHO\LQJ RQ
D FRPELQDWLRQ RI YROXPH DQG IUHTXHQF\ UDQJH ILOWHUV� )RU
WKH FDMyQ WKH QRWHV ZHUH VHSDUDWHG LQWR ³EDVV´� ³WRQH´� DQG
³WLS´ FDWHJRULHV� )RU WKH SDOPDV WKH QRWHV ZHUH VHSDUDWHG
LQWR RUGLQDU\ RU DFFHQWHG QRWHV� $OO QRWHV ZHUH TXDQWL]HG
LQWR ����WK QRWH LQWHUYDOV�

$V QR PHDQLQJIXO JROG VWDQGDUG IRU PHFKDQLFDOO\ HYDO�
XDWLQJ WKH TXDOLW\ RI WKH OHDUQHG PRGHO H[LVWV� RQO\ VXEMHF�
WLYH HYDOXDWLRQV DUH SRVVLEOH� 0RUHRYHU� YDULDQFH LQ IOD�
PHQFR H[SHFWDWLRQV LV H[WUHPHO\ ODUJH� DQG RXU VXEMHFWLYH
HYDOXDWLRQV ZHUH VR FORVH WR ���� DFFXUDF\ VR DV WR EH
VZDPSHG E\ VWDWLVWLFDO YDULDQFH LQ KXPDQ MXGJPHQWV� 5HD�
VRQV IRU WKH KLJK DFFXUDF\ RI WKH PRGHO FDQ EHVW EH VHHQ E\
WUDFLQJ VSHFLILFDOO\ KRZ LW OHDUQV� ORRNLQJ DW D VPDOO FRQ�
FUHWH VXEVHW RI WKH WUDLQLQJ VHW�

7ZR VKRUW WUDLQLQJ SDVVDJHV DUH VKRZQ LQ )LJXUH �� 1RWH
WKDW LQ RXU LQGXFWLRQ PHWKRG¶V UXOH VHJPHQWLQJ VWUDWHJ\�
WKH LQLWLDO WUDQVGXFWLRQ JUDPPDU VWDUWV RXW FRQWDLQLQJ RQH
UXOH IRU HDFK WUDLQLQJ H[DPSOH� HDFK EHORQJLQJ WR WKH VDPH
JHQHULF FDWHJRU\ A DV VKRZQ E\ WKH OHIW�KDQG�VLGH QRQWHU�
PLQDO� ,Q DGGLWLRQ� WKH JUDPPDU FRQWDLQV WKH VWDUW UXOH DQG
D ORZ�SUREDELOLW\ ³JOXH UXOH´ WKDW DOORZV DUELWUDU\ FRQFDWH�
QDWLRQ RI DQ\ YDOLG VHTXHQFHV ZKHQ DOO HOVH IDLOV�

/HDUQLQJ PHWULFDO VWUXFWXUH ,Q WKH HDUO\ LWHUDWLRQV� WKH
0'/�GULYHQ LQGXFWLRQ DOJRULWKP SULPDULO\ ZRUNV WRZDUG
OHDUQLQJ WUDQVGXFWLRQ SDWWHUQV WKDW DUH D VLQJOH IXOO FRPSDV
LQ OHQJWK� L�H�� D WZHOYH EHDW F\FOH� 7KLV DFFXUDWHO\ PLUURUV
WKH SULPDU\ �PL[HG PHWHU� VWUXFWXUH WKDW LV PRVW FRPPRQ
DQG PRVW IXQGDPHQWDO LQ IODPHQFR�

7KH WZR OH[LFDO WUDQVGXFWLRQ UXOHV LQ WKH LQLWLDO WUDQVGXF�
WLRQ JUDPPDU RI )LJXUH � VKDUH QR ELDIIL[HV� EXW WKH ILUVW
KDOI RI WKH ILUVW OH[LFDO UXOH¶V FDMyQ SDUW LV UHSHDWHG DW WKH
HQG RI WKH VHFRQG OH[LFDO UXOH¶V FDMyQ SDUW� 7KXV� WKH ILUVW
LQGXFWLRQ GHFLVLRQ LV WR VHJPHQW ERWK OH[LFDO WUDQVGXFWLRQ
UXOHV VR DV WR JDLQ WKH ELWV IURP HIILFLHQWO\ HQFRGLQJ WKHLU
FRPPRQ FDMyQ VHTXHQFH� LQVWHDG RI UHGXQGDQWO\ HQXPHU�
DWLQJ WKH VDPH VWULQJ WZLFH� 7KLV \LHOGV D UHYLVHG JUDPPDU

Cajón

Palmas

Palmas

Cajón

Palmas

Cajón

Palmas

Cajón
B�ĺ

A�ĺ�D E
A�ĺ�B C
A�ĺ�A A
S�ĺ�A

C�ĺ

D�ĺ

E�ĺ

ZLWK VKRUWHU GHVFULSWLRQ OHQJWK� WKDW LQWURGXFHV QHZ QRQWHU�
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PLQDOV VR DV WR JHQHUDWH WKH VDPH WUDQVGXFWLRQ DV EHIRUH�
,Q WKH QHZ JUDPPDU� D VKDUHG ELDIIL[ LV IRXQG� EHWZHHQ

WKH VHFRQG KDOI RI WKH C UXOH DQG WKH ILUVW KDOI RI WKH E
UXOH� 6HJPHQWLQJ ERWK UXOHV� DJDLQ LQWURGXFLQJ QHZ QRQ�
WHUPLQDOV DV QHHGHG� \LHOGV�

Cajón

Palmas

Cajón

Palmas

Palmas

Cajón

Palmas

Cajón

Palmas

CajónB�ĺ
S�ĺ�A
A ĺ�A A
A ĺ�B C
A�ĺ�D E
C�ĺ�F G
E�ĺ�G H

D�ĺ

F�ĺ

G�ĺ

H�ĺ

7KLV KDV FUHDWHG DQRWKHU VKDUHG ELDIIL[²WKH QHZH UXOH
LV D ELVXIIL[ RI WKH B UXOH� 6HJPHQWLQJ WKH B UXOH \LHOGV�

Cajón

Palmas

Cajón

Palmas

Palmas

Cajón

Palmas

Cajón

Palmas

CajónD�ĺ
S�ĺ�A
A ĺ�A A
A ĺ�B C
A�ĺ�D E
C�ĺ�F G
E�ĺ�G H
B ĺ�I H

F�ĺ

G�ĺ

H�ĺ

I�ĺ

1RWH WKDW WKH DOJRULWKP KDV OHDUQHG WKH IXOO FRPSDV OHQJWK
SDWWHUQV� 7\SLFDOO\� LQ VXEVHTXHQW LWHUDWLRQV� WKH LQGXFWLRQ
SURFHVV PRYHV RQ WR JUDGXDOO\ OHDUQPHGLRFRPSDV SDWWHUQV
WKDW DUH RQO\ VL[ EHDWV LQ OHQJWK� +HUH� WKH QH[W VHJPHQWD�
WLRQ� EDVHG RQ WKH VKDUHG ELVXIIL[ RI WKH D DQG F UXOHV DQG
ELSUHIL[ RI WKH G� H � DQG I UXOHV� KDV WKLV HIIHFW�

Palmas

Cajón

Cajón

Palmas

Cajón

Palmas

Palmas

Cajón

Palmas

Cajón

Palmas

CajónJ�ĺ
S�ĺ�A
A ĺ�A A
A ĺ�B C
A�ĺ�D E
C�ĺ�F G
E�ĺ�G H
B ĺ�I H
D ĺ J K
F ĺ K L
G ĺ K M
H ĺ K N
I ĺ K O

K�ĺ

L ĺ

M�ĺ

N�ĺ

O�ĺ

$W WKLV SRLQW� WKHUH DUH QR PRUH UXOHV WKDW FDQ EH VHJ�
PHQWHG WR ORZHU WKH GHVFULSWLRQ OHQJWK� +RZHYHU� ZH QR�
WLFH WKDW LW LV VWLOO SRVVLEOH WR LPSURYH WKH SRVWHULRU SURE�
DELOLW\ RI WKH PRGHO� EHFDXVH VRPH RI WKH QHZO\ FUHDWHG
QRQWHUPLQDO FDWHJRULHV PLJKW EH PHUJHG LQ VXFK D ZD\ DV
WR LPSURYH WKH PRGHO VWUXFWXUH SULRU P (�S | �G)E\ UHGXF�
LQJ WKH PRGHO¶V GHVFULSWLRQ OHQJWK LQ WHUPV RI WKH QXPEHU
RI QRQWHUPLQDO FDWHJRULHV� ZLWKRXW LQWURGXFLQJ VR PXFK HU�
URU WKDW LW H[FHVVLYHO\ GHFUHDVHV WKH OLNHOLKRRG RI WKH GDWD
P (D | �G, �S , ✓

�

)�
7KH QRQWHUPLQDOV WKDW KDYH MXVW EHHQ FUHDWHG JHQHUDWH

IRXU FDQGLGDWHV IRU PHUJLQJ� VLQFH WKH DOJRULWKP FRQVLGHUV
HDFK SDLU RI QRQWHUPV VHUYLQJ DV WKH /+6 RI PRGLILHG UXOHV
WKDW VKDUH D FRPPRQ 5+6� J ⇡ K� J ⇡ O� K ⇡ L� DQG
M ⇡ N � 2I WKHVH� K ⇡ L JLYHV E\ IDU WKH EHVW LPSURYH�

PHQW LQ SRVWHULRU SUREDELOLW\� VR ZH UHSODFH DOO LQVWDQFHV RI
L LQ WKH JUDPPDU ZLWK K LQVWHDG�

7KH QH[W EHVW PHUJH LV J ⇡ K� VR ZH UHSODFH LQ WXUQ
DOO LQVWDQFHV RI K �LQFOXGLQJ WKRVH IRUPHUO\ L� ZLWK J � ,Q
VR GRLQJ� WKH XSGDWHG UXOHV IRU D DQG F EHFRPH LGHQWLFDO�
ERWK QRZ ZLWK J �J RQ WKH ULJKW�KDQG�VLGH� 7KXV ZH SURSD�
JDWH WKH PHUJLQJ WR UHSODFH DOO LQVWDQFHV RI F ZLWK D� DW QR
DGGLWLRQDO FRVW� 6LPLODUO\� PHUJLQJ M ⇡ N VOLJKWO\ LP�
SURYHV WKH SRVWHULRU� DQG LQ VR GRLQJ� WKH XSGDWHG UXOHV IRU
G DQG H EHFRPH LGHQWLFDO VR ZH DOVR PHUJH H LQWR G�

0HUJLQJ J ⇡ K� K ⇡ L� DQG M ⇡ N LQKHUHQWO\ LQWUR�
GXFHV JHQHUDOL]DWLRQV WKDW DUH DEOH WR �EL�SDUVH QHZ H[DP�
SOHV RXWVLGH WKH WUDLQLQJ VHW� 7KH LWHUDWLRQ WHUPLQDWHV ZLWK�
RXW PHUJLQJ J ⇡ O ZKLFK ZRXOG LQWURGXFH WRR PXFK HUURU
WR LPSURYH WKH SRVWHULRU� 7KH ILQDO WUDQVGXFWLRQ JUDPPDU
LQGXFHG LV WKXV�

Palmas

Cajón

Cajón

Palmas

Cajón

Palmas

Palmas

Cajón

Palmas

Cajón

Palmas

CajónJ�ĺ
S�ĺ�A
A ĺ�A A
A ĺ�B C
A�ĺ�D E
C�ĺ�D G
E ĺ G G
B ĺ I G
D ĺ J J
G ĺ J M
I ĺ J O

J�ĺ

J ĺ

M�ĺ

M�ĺ

O�ĺ

$FFXUDWHO\ UHIOHFWLQJ IODPHQFR QRUPV� LQGXFWLRQ KDV FDW�
HJRUL]HG WKH PHGLRFRPSDV SDWWHUQV LQWR WKUHH GLVWLQFW QRQ�
WHUPLQDO W\SHV� J FRPSULVHV SDWWHUQV LQ ��� PHWHU� ZKLOH
M FRPSULVHV SDWWHUQV LQ ��� PHWHU� DQG O LV D SRO\UK\WK�
PLF SDWWHUQ WKDW FURVVHV ERWK� 7KH IDFW WKDW D GLVWLQFWLRQ
EHWZHHQ WKH WZR PHWHUV FDQ EH OHDUQHG²HYHQ WKRXJK RXU
FXUUHQW DSSURDFK GRHV QRW LQFRUSRUDWH DQ\ H[SOLFLW D SULRUL
PRGHO RI DFFHQWHG SXOVHV DW FRQVWDQW UHSHDWHG LQWHUYDOV²
DULVHV IURP WKH WUDQVGXFWLRQ JUDPPDU LQGXFWLRQ¶V QDWXUDO
LQWHJUDWLRQ RI PHWULFDO VWUXFWXUH OHDUQLQJ WRJHWKHU ZLWK K\�
SHUPHWULFDO VWUXFWXUH OHDUQLQJ� DV GLVFXVVHG EHORZ�

%HWZHHQ WKH ��� DQG ��� WUDQVGXFWLRQ SDWWHUQV� FHUWDLQ
FRPPRQ SDOPDV VHTXHQFHV DSSHDU LQ ERWK� 7KLV FRUUHFWO\
UHIOHFWV FRQYHQWLRQDO IODPHQFR XVDJH RI SDOPDV �SOD\LQJ
D VLPLODU IXQFWLRQ WR FODYH SDWWHUQV LQ $IUR�/DWLQ JHQUHV��
+RZHYHU� WKH ��� WUDQVGXFWLRQ SDWWHUQV DOVR WHQG PRUH IUH�
TXHQWO\ WR UHODWH FHUWDLQ SDOPDV VHTXHQFHV WKDW GR QRW JHQ�
HUDOO\ DSSHDU ZLWK ��� SDWWHUQV� 6XFK SDWWHUQV WHQG WR KDYH
QRWHV WKDW DOLJQ PRUH QDWXUDOO\ ZLWK ��� DFFHQWV� 3DOPDV
VHTXHQFHV DUH XVHIXO WR OHDUQLQJ EHFDXVH RI WKHLU FODYH�OLNH
IXQFWLRQ� HYHQ WKRXJK WKH\ DUH QRW DV FRQVLVWHQW DV $IUR�
/DWLQ FODYH� DQG DUH XVXDOO\ VLOHQW RQ ZKDW ZRXOG EH WKH
VWURQJ GRZQEHDW LQ PRVW PDLQVWUHDP GDQFH PXVLF IRUPV�

/HDUQLQJ K\SHUPHWULFDO VWUXFWXUH $PRQJ WKH PDQ\ IOD�
PHQFR IRUPV� WKH EXOHULiV VW\OH LV SDUWLFXODUO\ DJJUHVVLYH
DERXW XVLQJ PHGLRFRPSDV SDWWHUQV LQ LUUHJXODU ZD\V� 7KH
OHDUQHG UXOH G ! J �M PRGHOV D UHJXODU IXOO DOWHUQDWLQJ
PHWHU FRPSDV� ZKLOH I ! J �O PRGHOV WKH VDPH SRO\UK\WK�
PLFDOO\ DJDLQVW D ��� PHGLRFRPSDV IHHO� 7KH UXOH D !

J �J PRGHOV D IXOO FRPSDV LQ ��� PHGLRFRPSDV IHHO� 7KH
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UXOHV IRU B� C� DQG E PRGHO ORQJHU FRPSDV SDLUV� ZLWK
W\SLFDO LGLRPV VXFK DV VWD\LQJ LQ ��� PHWHU XQWLO WKH ILQDO
IRXUWK PHGLRFRPSDV� 7KLV EHKDYLRU LV QDWXUDOO\ HPHUJHQW
IURP WKH 0'/�GULYHQ LQGXFWLRQ �HYHQ PRUH VR RQ ODUJHU
WUDLQLQJ VHWV��

/HDUQLQJ SUREDELOLVWLF WUDQVGXFWLRQ UHODWLRQVKLSV 7KH
LQGXFHG WUDQVGXFWLRQ JUDPPDU LV SRWHQWLDOO\ XVHIXO LQ DZLGH
YDULHW\ RI DSSOLFDWLRQV� ZKLFK ZH SODQ WR LQYHVWLJDWH LQ GH�
WDLO LQ RXU QH[W VWHSV� &XUUHQWO\� WKH OHDUQHG PRGHO FDQ
DOUHDG\ EH XVHG WR SUHGLFW VXLWDEOH DFFRPSDQLPHQW IRU HL�
WKHU LQVWUXPHQWDO SDUW� *LYHQ D SUHYLRXVO\ XQVHHQ FDMyQ VH�
TXHQFH� D 9LWHUEL SDUVH WUDQVODWHV WKH VHTXHQFH LQWR WKHPRVW
SUREDEOH SDOPDV VHTXHQFH ZLWK QHDUO\ SHUIHFW DFFXUDF\�
6LPLODUO\� JLYHQ D QHZ SDOPDV VHTXHQFH� WKH PRGHO FDQ
WUDQVODWH LW LQWR WKH PRVW SUREDEOH FDMyQ VHTXHQFH� ZKLFK LV
FXUUHQWO\ JHQHUDOO\ DFFHSWDEOH WKRXJK QRW QHFHVVDULO\ PX�
VLFDOO\ RSWLPDO� 2XU IXWXUH ZRUN ZLOO IRFXV RQ IXUWKHU UH�
ILQLQJ WKH SUHGLFWLYH DFFXUDF\ IRU DFFRPSDQLPHQW IURP D
VW\OLVWLF VWDQGSRLQW�

7KH QHZ 0'/�GULYHQ WUDQVGXFWLRQ JUDPPDU LQGXFWLRQ
PHWKRG ZH KDYH LQWURGXFHG LV WKH ILUVW WR ��� H[SORLW RSSRU�
WXQLWLHV WR FRPSUHVV ERWK PRQROLQJXDO DIIL[HV DQG ELOLQJXDO
DIIL[HV� ��� H[SORLW UHJXODULWLHV LQ HLWKHU VLQJOH ODQJXDJH WR
KHOS VHJPHQW UXOHV GHVFULELQJ ERWK ODQJXDJHV� DQG ��� H[�
SORLW ERWK PRQROLQJXDO DQG ELOLQJXDO UHJXODULWLHV WR LQGXFH
FDWHJRULHV IRU ORQJHU K\SHUPHWULFDO SDWWHUQV� :H DQWLFLSDWH
QXPHURXV IXUWKHU DSSOLFDWLRQV EH\RQG WKH IODPHQFR JHQUH�

�� $&.12:/('*0(176

7KLV PDWHULDO LV EDVHG XSRQ ZRUN VXSSRUWHG LQ SDUW E\ WKH +RQJ .RQJ 5HVHDUFK
*UDQWV &RXQFLO �5*&� UHVHDUFK JUDQWV *5)������� )6*5)��(*��� *5)�������
DQG *5)������� WKH 'HIHQVH $GYDQFHG 5HVHDUFK 3URMHFWV $JHQF\ �'$53$� XQ�
GHU %2/7 FRQWUDFW QR� +5��������&������ DQG *$/( FRQWUDFW QRV� +5��������
&����� DQG +5��������&������ DQG E\ WKH (XURSHDQ 8QLRQ XQGHU WKH )3� JUDQW
DJUHHPHQW QR� ������� 7KDQNV WR 0DUNXV 6DHUV� .DUWHHN $GGDQNL� &KL�NLX /R� DQG
0HULHP %HORXFLI IRU DVVLVWDQFH ZLWK LPSOHPHQWDWLRQ� $Q\ RSLQLRQV� ILQGLQJV DQG
FRQFOXVLRQV RU UHFRPPHQGDWLRQV H[SUHVVHG LQ WKLV PDWHULDO DUH WKRVH RI WKH DXWKRUV
DQG GR QRW QHFHVVDULO\ UHIOHFW WKH YLHZV RI WKH 5*&� (8� RU '$53$�

�� 5()(5(1&(6

>�@ $OIUHG 9� $KR DQG -HIIUH\ '� 8OOPDQ� 7KH 7KHRU\ RI 3DUVLQJ� 7UDQVODWLRQ� DQG
&RPSLOLQJ �9ROXPHV � DQG ��� 3UHQWLFH�+DOOO� (QJOHZRRG &OLIIV� 1-� �����

>�@ *pUDUG $VVD\DJ� *HRUJHV %ORFK� 0DUF &KHPLOOLHU� $UVKLD &RQW� DQG 6KORPR
'XEQRY� 20D[ %URWKHUV� $ G\QDPLF WRSRORJ\ RI DJHQWV IRU LPSURYL]DWLRQ
OHDUQLQJ� ,Q )LUVW $&0 :RUNVKRS RQ $XGLR DQG 0XVLF &RPSXWLQJ 0XOWLPHGLD�
SDJHV ���±���� �����

>�@ 5HQV %RG� 6WRFKDVWLF PRGHOV RI PHORGLF DQDO\VLV� &KDOOHQJLQJ WKH JHVWDOW SULQ�
FLSOHV� -RXUQDO RI 1HZ 0XVLF 5HVHDUFK� ������ �����

>�@ $OL 7D\ODQ &HPJLO� %HUW .DSSHQ� 3HWHU 'HVDLQ� DQG +HQNMDQ +RQLQJ� 2Q WHPSR
WUDFNLQJ� 7HPSRJUDP UHSUHVHQWDWLRQ DQG .DOPDQ ILOWHULQJ� -RXUQDO RI 1HZ 0X�
VLF 5HVHDUFK� ���������±���� �����

>�@ $UWKXU 3HQWODQG 'HPSVWHU� 1DQ 0� /DLUG� DQG 'RQDOG %UXFH 5XELQ� 0D[LPXP
OLNHOLKRRG IURP LQFRPSOHWH GDWD YLD WKH (0 DOJRULWKP� -RXUQDO RI WKH 5R\DO
6WDWLVWLFDO 6RFLHW\� 6HULHV % �0HWKRGRORJLFDO�� �������±��� �����

>�@ 3HWHU 'HVDLQ DQG+HQNMDQ+RQLQJ�0XVLF� 0LQG� DQG0DFKLQHV� 6WXGLHV LQ &RP�
SXWHU 0XVLF� 0XVLF &RJQLWLRQ� DQG $UWLILFLDO ,QWHOOLJHQFH� 7KHVLV 3XEOLFDWLRQV�
$PVWHUGDP� �����

>�@ -� 0LJXHO 'tD]�%ixH]� *LRYDQQD )DULJX� )UDQFLVFR *yPH]� 'DYLG 5DSSDSRUW�
DQG *RGIULHG 7� 7RXVVDLQW� (O FRPSiV IODPHQFR� $ SK\ORJHQLF DQDO\VLV� ,Q
%5,'*(6� 0DWKHPDWLFDO &RQQHFWLRQV LQ $UW� 0XVLF DQG 6FLHQFH� SDJHV ��±���
6RXWKZHVWHUQ &ROOHJH� :LQILHOG� .DQVDV� -XO �����

>�@ $OH[DQGUH 5�-� )UDQoRLV� (ODLQH &KHZ� DQG 'HQQLV 7KXUPRQG� 0LPL � D PXVLFDO
LPSURYLVDWLRQ V\VWHP WKDW SURYLGHV YLVXDO IHHGEDFN WR WKH SHUIRUPHU� 7HFKQLFDO
5HSRUW ������� 86& &RPSXWHU 6FLHQFH 'HSDUWPHQW� $SU �����

>�@ $OH[DQGUH 5�-� )UDQoRLV� ,VDDF 6FKDQNOHU� DQG (ODLQH &KHZ� 0LPL�[� $Q LQWHU�
DFWLYH DXGLR�YLVXDO LQVWDOODWLRQ IRU KLJK�OHYHO VWUXFWXUDO LPSURYLVDWLRQ� ,Q ,(((
,QWHUQDWLRQDO &RQIHUHQFH RQ 0XOWLPHGLD DQG ([SR �,&0( ������ SDJHV ����±
����� �����

>��@ -RQ *LOOLFN� .HYLQ 7DQJ� DQG 5REHUW 0� .HOOHU� 0DFKLQH OHDUQLQJ RI MD]] JUDP�
PDUV� &RPSXWHU 0XVLF -RXUQDO� ��������±��� )DOO �����

>��@ &DWKHULQH *XDVWDYLQR� )UDQFLVFR *yPH]� *RGIULHG 7RXVVDLQW� )DEULFH 0DUDQ�
GROD� DQG (PLOLD *yPH]� 0HDVXULQJ VLPLODULW\ EHWZHHQ IODPHQFR UK\WKPLF SDW�
WHUQV� -RXUQDO RI 1HZ 0XVLF 5HVHDUFK� ���������±���� �����

>��@ (PLOLD *yPH] DQG -RUGL %RQDGD� $XWRPDWLF PHORGLF WUDQVFULSWLRQ RI IODPHQFR
VLQJLQJ� ,Q )RXUWK &RQIHUHQFH RQ ,QWHUGLVFLSOLQDU\ 0XVLFRORJ\ �&,0���� 7KHV�
VDORQLNL� *UHHFH� -XO �����

>��@ .DULP /DUL DQG 6WHYH -� <RXQJ� 7KH HVWLPDWLRQ RI VWRFKDVWLF FRQWH[W�IUHH JUDP�
PDUV XVLQJ WKH LQVLGH�RXWVLGH DOJRULWKP�&RPSXWHU 6SHHFK DQG /DQJXDJH� ����±
��� �����

>��@ )UHG /HUGDKO DQG 5D\ -DFNHQGRII� $ *HQHUDWLYH 7KHRU\ RI 7RQDO 0XVLF� 0,7
3UHVV� �����

>��@ 3KLOLS 0� /HZLV DQG 5LFKDUG (� 6WHDUQV� 6\QWD[�GLUHFWHG WUDQVGXFWLRQ� -RXUQDO
RI WKH $VVRFLDWLRQ IRU &RPSXWLQJ 0DFKLQHU\� ���������±���� �����

>��@ +XJK &KULVWRSKHU /RQJXHW�+LJJLQV DQG 0DUN -� 6WHHGPDQ� 2Q LQWHUSUHWLQJ
%DFK� 0DFKLQH ,QWHOOLJHQFH� �����±���� �����

>��@ -RDTXtQ 0RUD� )UDQFLVFR *yPH]� (PLOLD *yPH]� )UDQFLVFR (VFREDU�%RUUHJR�
DQG -RVp 0LJXHO 'tD]�%ixH]� &KDUDFWHUL]DWLRQ DQG PHORGLF VLPLODULW\ RI D FDS�
SHOOD IODPHQFR FDQWHV� ,Q ��WK ,QWHUQDWLRQDO 6RFLHW\ IRU 0XVLF ,QIRUPDWLRQ 5H�
WULHYDO &RQIHUHQFH �,60,5�� SDJHV ���±���� �����

>��@ )UDQoRLV 3DFKHW� 7KH FRQWLQXDWRU� 0XVLFDO LQWHUDFWLRQ ZLWK VW\OH� -RXUQDO RI
1HZ 0XVLF 5HVHDUFK� ��������±���� �����

>��@ 'LUN�-DQ 3RYHO DQG 3HWHU (VVHQV� 3HUFHSWLRQ RI WHPSRUDO SDWWHUQV� 0XVLF�
��������±���� 6XPPHU �����

>��@ &KULVWRSKHU 5DSKDHO� $ K\EULG JUDSKLFDO PRGHO IRU UK\WKPLF SDUVLQJ� $UWLILFLDO
,QWHOOLJHQFH� ������������±���� 0D\ �����

>��@ 0DUNXV 6DHUV� .DUWHHN $GGDQNL� DQG 'HNDL :X� ,WHUDWLYH UXOH VHJPHQWDWLRQ XQ�
GHU PLQLPXP GHVFULSWLRQ OHQJWK IRU XQVXSHUYLVHG WUDQVGXFWLRQ JUDPPDU LQGXF�
WLRQ� ,Q $GULDQ�+RULD 'HGLX� &DUORV 0DUWtQ�9LGH� 5XVODQ 0LWNRY� DQG %LDQFD
7UXWKH� HGLWRUV� )LUVW ,QWHUQDWLRQDO &RQIHUHQFH RQ 6WDWLVWLFDO /DQJXDJH DQG
6SHHFK 3URFHVVLQJ �6/63 ������ YROXPH ���� RI /1$,� SDJHV ���±���� 7DU�
UDJRQD� 6SDLQ� -XO ����� 6SULQJHU�

>��@ 0DUNXV 6DHUV� -RDNLP 1LYUH� DQG 'HNDL :X� /HDUQLQJ VWRFKDVWLF EUDFNHWLQJ LQ�
YHUVLRQ WUDQVGXFWLRQ JUDPPDUV ZLWK D FXELF WLPH ELSDUVLQJ DOJRULWKPV� ,Q ��WK
,QWHUQDWLRQDO &RQIHUHQFH RQ 3DUVLQJ 7HFKQRORJLHV �,:37¶���� SDJHV ��±���
3DULV� 2FW �����

>��@ 0DUN -� 6WHHGPDQ� 7KH SHUFHSWLRQ RI PXVLFDO UK\WKP DQG PHWUH� 3HUFHSWLRQ�
��������±���� �����

>��@ 0DUN -� 6WHHGPDQ� 7KH IRUPDO GHVFULSWLRQ RI PXVLFDO SHUFHSWLRQ� 0XVLF 3HU�
FHSWLRQ� ����±��� �����

>��@ 0DUN -� 6WHHGPDQ� 7KH EOXHV DQG WKH DEVWUDFW WUXWK� 0XVLF DQG PHQWDO PRGHOV�
,Q $� *DUQKDP DQG -� 2DNKLOO� HGLWRUV� 0HQWDO 0RGHOV LQ &RJQLWLYH 6FLHQFH�
SDJHV ���±���� (UOEDXP� �����

>��@ 5HLG 6ZDQVRQ� (ODLQH &KHZ� DQG $QGUHZ 6� *RUGRQ� 6XSSRUWLQJ PXVLFDO FUH�
DWLYLW\ ZLWK XQVXSHUYLVHG V\QWDFWLF SDUVLQJ� ,Q $$$, 6SULQJ 6\PSRVLXP RQ &UH�
DWLYH ,QWHOOLJHQW 6\VWHPV� �����

>��@ 'DYLG 7HPSHUOH\� 0XVLF DQG 3UREDELOLW\� 0,7 3UHVV� �����

>��@ 'DYLG 7HPSHUOH\ DQG 'DQLHO 6OHDWRU� 0RGHOLQJ PHWHU DQG KDUPRQ\� $
SUHIHUHQFH�UXOH DSSURDFK� &RPSXWHU 0XVLF -RXUQDO� ��������±��� �����

>��@ (ULF 7KXO DQG *RGIULHG 7� 7RXVVDLQW� 2Q WKH UHODWLRQ EHWZHHQ UK\WKP FRPSOH[�
LW\ PHDVXUHV DQG KXPDQ UK\WKPLF SHUIRUPDQFH� ,Q &RQIHUHQFH RQ &RPSXWHU
6FLHQFH 	 6RIWZDUH (QJLQHHULQJ �&�6�( ¶���� �����

>��@ 'HNDL :X� 7UDLQDEOH FRDUVH ELOLQJXDO JUDPPDUV IRU SDUDOOHO WH[W EUDFNHWLQJ� ,Q
7KLUG $QQXDO :RUNVKRS RQ 9HU\ /DUJH &RUSRUD �:9/&���� SDJHV ��±��� &DP�
EULGJH� 0$� -XQ �����

>��@ 'HNDL :X� 6WRFKDVWLF ,QYHUVLRQ 7UDQVGXFWLRQ *UDPPDUV DQG ELOLQJXDO SDUVLQJ
RI SDUDOOHO FRUSRUD� &RPSXWDWLRQDO /LQJXLVWLFV� ���������±���� 6HS �����

>��@ 'HNDL :X� $OLJQPHQW� ,Q 1LWLQ ,QGXUNK\D DQG )UHG -� 'DPHUDX� HGLWRUV� +DQG�
ERRN RI 1DWXUDO /DQJXDJH 3URFHVVLQJ� SDJHV ���±���� &KDSPDQ DQG +DOO �
&5&� VHFRQG HGLWLRQ� �����
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